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Taking advantage of a recently discovered associativity property of rule
compositions, we extend the classical concurrency theory for rewriting sys-
tems over adhesive categories. We introduce the notion of tracelets, which
are defined as minimal derivation traces that universally encode sequential
compositions of rewriting rules. Tracelets are compositional, capture the
causality of equivalence classes of traditional derivation traces, and intrin-
sically suggest a clean mathematical framework for the definition of various
notions of abstractions of traces. We illustrate these features by introducing
a first prototype for a framework of tracelet analysis, which as a key ap-
plication permits to formulate a first-of-its-kind algorithm for the static
generation of minimal derivation traces with prescribed terminal events.

1 Motivation and relation to previous works

The analysis of realistic models of complex chemical reaction systems in organic
chemistry and in systems biology poses considerable challenges, both in theory and
in terms of algorithmic implementations. Two major classes of successful approaches
include chemical graph rewriting [2, 6, 15, 20], and the rule-based modeling frameworks
Kappa [27-31] and BioNetGen [21, 45], respectively. These approaches utilize well-
established modern variants of Double-Pushout (DPO) [37, 39] and Sesqui-Pushout (SqP0)
[26] rewriting frameworks over suitably chosen adhesive categories [47] (and with
additional constraints [39, 44] on objects and transitions for consistency). The sheer
complexity of the spaces of distinct classes of objects and of active transitions thereof
necessitated the development of specialized and highly optimized variants of static
analysis techniques for these types of systems. As we will demonstrate in this paper, a
novel class of such techniques is found to arise from a refocusing of the analysis from
derivation traces to so-called tracelets.

To provide some context, we briefly recall some basic notions of rewriting based
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upon a finitary adhesive category C [47], such as e.g. the category FinGraph of finite
directed multigraphs. Objects of this category provide the possible configurations or
states of the rewriting system (typically considered up to isomorphism), while partial
maps between objects (encoded as spans of monomorphisms) will provide the possible
transitions, referred to as (linear) rules. The application of a rule O <~ I to some object
X then requires the choice of an instance of a subobject I within X, established via
a monomorphism m : I < X called a match, followed by replacing m(I) ¢ X with
an instance m*(0) of O, where the precise details depend on the chosen rewriting
semantics (i.e. Double-Pushout (DPO) [37, 39] or Sesqui-Pushout (SqP0O) [26] semantics).
This process of rule application is traditionally referred to as a (direct) derivation. The
central structure studied in the concurrency theory and static analysis of the rewriting
system consists in so-called derivation traces:

O, ~= 1, Oy <2 I 0, " I,
\/m; mn\ \/771; mz\/ \/"L; TILl\/ (1)
Xy =——— Xy Xo Xy Xo

Tn Mo, T2,Mm2 T1,Mm1

Each transition in such a derivation trace from a state X; to a state X, is thus given
by a direct derivation via a linear rule »; at a match m,. A typical abstract encoding
of rewriting systems is then provided in the form of a rewriting grammar, whose data
consists of an initial state X, and a set of linear rewriting rules, from which all possible
derivation traces starting at X, are constructed.

Static analysis of rewriting systems is traditionally based upon several notions of
abstractions of derivation traces. At a fundamental level, the category-theoretical def-
initions of rewriting are inherently invariant under various types of isomorphisms,
which suggests a form of equivalence on derivation traces induced by isomorphisms
referred to as abstraction equivalence [25]. The second major source of equivalences
is based upon so-called sequential independence of derivations [14, 26, 37, 39]: again
leaving technicalities aside, if two “adjacent” direct derivations X, ; <+ m+1=X; and
X;<~m=X; ;1 Iin a given derivation trace are sequentially independent, there exist
matches m] and m} ., so that X, <m-mv=X; and X; <. mi,,=X;_; constitute sequen-
tial derivations in the opposite order of application. Lifting this notion to sequences of
an arbitrary finite number of consecutive derivations yields an abstraction equivalence
called shift equivalence [36, 37, 46]. Quotienting a given grammar by a combination
of abstraction and shift equivalence leads to the sophisticated frameworks of occur-
rence grammars [7, 9] as well as (equivalently [10, 12, 13]) of processes and unfold-
ings [8, 11, 14]. Quintessentially, since sequential commutativity induces a preorder on
derivations of a grammar, the aforementioned well-established static analysis tech-
niques encode the causal relationships of derivations according to this preorder.

Of particular interest in view of practical applications of such techniques to chem-
ical and biochemical reaction systems (via chemical graph rewriting [2, 6, 15, 20], and
via the rule-based modeling frameworks Kappa [27-31] and BioNetGen [21, 45]) are




concepts that permit to extract high-level information on the causal properties of the
typically immensely complex transition sets and state spaces encountered in real-life
reaction systems in an automated fashion. In the setting of systems chemistry, taking
full advantage of the highly constrained type of rewriting relevant to model molecules
and possible reactions (i.e. a flavor of DPO rewriting in which vertices modeling atoms
are preserved throughout transitions), a highly efficient analysis technique based upon
mapping of reaction networks into multi-hypergraphs and modeling pathways as in-
teger hyperflows has been developed in [3, 5, 40]. An essential role in this framework
is played by compositions of chemical graph rewriting rules [1, 4, 6], which have been
implemented algorithmically in [2]. The tracelets as introduced in this paper may be
seen as a formalization of these ideas of understanding pathways as particular rule
compositions, which in particular answers an open question on the associativity of
compositions of such pathways to the affirmative.

In the biochemistry setting, important developments include sophisticated special-
izations of the aforementioned static analysis techniques for general rewriting systems
to the relevant setting of site-graph rewriting in order to extract information on cellu-
lar signaling pathways [30, 31, 33], the notion of refinements [32], techniques of model
reduction based on the differential semantics of the stochastic transition systems [34]
and notions of trace compression [35]. In particular, so-called strong compression as
introduced in [35] will play an interesting role also in our tracelet framework. While
the theory of static analysis of such complex rewriting systems is thus rather well-
developed, several open problems remain. Referring to [23] for a recent review, at
present the established approach to the generation of pathways for biochemical re-
action systems passes through extensive simulation runs in order to generate large
ensembles of derivation traces of the given system, which then have to be curated and
suitably compressed in order to extract the static information constituting the path-
ways of interest. This dependence on a posteriori analyses of derivation traces hinders
the efficiency of the algorithms considerably, since typically only a small portion of
the information contained in a given trace gives rise to useful information on path-
ways. We will develop in the following an alternative approach to the static analysis
of rewriting systems that aims to avoid precisely this bottleneck in the synthesis of
pathways.

The main contribution of this paper consists in an alternative paradigm for the
static analysis of rewriting systems, which emphasizes the notion of sequential rule
compositions over that of derivation traces. Our development hinges on two central
theorems of rewriting theory: a theorem describing the relationship between two-step
sequences of direct derivations and the underlying rule compositions, the so-called
concurrency theorem (well-known in the DPO setting [36, 37, 39], only recently estab-
lished in the SqPO setting [16, 17]), and an equally recently proved [16-19] theorem
establishing a form of associativity of the operation of rule compositions. The com-




bination of these two results admits to characterize derivation traces universally via
so-called tracelets, in the sense that each trace of length n applied to an initial object
X, may be obtained as the extension of a minimal derivation trace of length n into
the context of the object X,. Referring to Figure 2 for an overview, one may shift
focus onto the tracelets themselves as the objects to analyze in a given rewriting sys-
tem, since they encode all relevant information in terms of the causality of derivation
traces. From a technical perspective, since a tracelet is nothing but a special type
of derivation trace, all of the traditional analysis techniques on derivation traces re-
main applicable. At the same time, tracelets may be naturally equipped with a notion
of associative composition, which opens novel possibilities in view of static pathway
generation in the aforementioned (bio-) chemical rewriting system settings.

Plan of the paper: In Section 2, the core tracelet formalism is established, providing
the precise definitions of the concepts summarized in the schematic Figure 2. Section 3
is devoted to developing tracelet analysis, based in part upon the aforementioned static
analysis techniques for derivation traces. As a first application of our framework, we
present a prototypical Feature-driven Explanatory Tracelet Analysis (FETA) algorithm in
Section 4. Since our framework is heavily based upon our very recent developments
in the field of compositional rewriting, we provide a technical appendix containing a
collection of illustrative figures and of requisite technical definitions and results.

2 Tracelets for compositional rewriting theories

Assumption 1 Throughout this paper, we fix* a category C that satisfies:
- Cis adhesive [/47]

+ C possesses an epi-mono-factorization [4/] (i.e. every morphism f € mor(C) can be
factorized into the form f = m o e, with m € mono(C) and e € epi(C))

+ C possesses a strict initial object o € obj(C) [47] (i.e. an object such that for every X €
obj(C), there exists a unique monomorphism @ — X, and for every Y € obj(C), if there
exists a morphism Z — @, then it is an isomorphism).

- C is finitary, i.e. for every object X € obj(C), there exist only finitely many monomor-
phisms Z — X into X (and thus only finitely many subobjects of X).

Categories satisfying Assumption 1 have a number of properties that are of particu-
lar importance in view of compositionality of rewriting rules (cf. Appendix A.1). A

L Although especially in the DPO-type rewriting case more general settings would be admissible while retaining
compositionality of the rewriting (see [17] for further details), the present choice covers many cases of interest, is
a sufficient setting also for compositional Sesqui-Pushout (SqPO) rewriting, and overall strikes a good balance of

generality vs. simplicity.




prototypical example of a category satisfying all of the assumptions above is the fini-
tary restriction FinGraph of the category of directed multigraphs Graph [2/]. We collect
in Appendix A the necessary background material on compositional DPO- and SqPO-
type rewriting for rules with conditions [16-19], and will freely employ the standard
notations therein.

Definition 1 (Tracelets) Let T € {DPO, SqPO} be the type of rewriting, and let Lin(C) de-
note the set of linear rules with conditions over C (cf. Definition 14).

- Tracelets of length 1: the set 7," of type T tracelets T(R) of length 1 is defined as

0414(:[

T :={T(R) = H T H R = (r,cy) € Lin(C) } . (2)
O<«—— 1 «w€cs

- Tracelets of length n + 1: given tracelets T,,., € T,' of length 1 and T,,..., € 7,7 of length
n (for n > 1), we define a span of monomorphisms u = (I,41 +> M < O,...1) as T-
admissible, denoted y € MTF, (T5,...1), if the following diagram is constructible:

Oni1 “% Iy < Clis On ~ I, < cg, Oy~ I, < ¢y,
T IR /o]
On1 == Lis1 +—= M 3 Oy ==Y | . ¥ ==L, <, (3)
l T \ PO / DPOY j l DPOT J
()(jn,u)---l sziﬁm) YVETIIJ }_I’;Jr’] < I(jml)---l Ly

Here, the square marked PO is constructed as a pushout, followed by performing the T-
and DPO'-type direct derivations as indicated to form the lower part of the diagram. The
latter operation may fail, either by non-existence of the requisite pushout complements
(cf. Definition 12), or, if all POCs exist, because the tentative composite conditionc;, .,
might evaluate to false, with computed asc; .,

Clipiny... = Shift([n...l — [(,,+1).,,1,C[n___1)
(n+1) . (n+1) (4)
/\ Trans( Yn+1 n =11y, Shift(In — Yn+1 n>Cluir)) -
If e MTF, (T..1), we define a tracelet T, 41*/1T,.., of lengthn + 1 as
Opi1 Lt 1 < Cr . AT, < cr, O, 2 I <« cr,
Toi1"ZrTh. 1 = l T \ / N \, /T J
O(n+% | Yn(:—-rln) Y/‘y:,:yHlj Y’\:/l/ Y — [( +1)--1 A Cp 1
()
We define the set 7,7, of type T tracelets of length n + 1 as
7:L+1 = {Tn—HIZTTn 1|Tn+1 S 7-1 ’ n .1 € T 1 S MTT ( n: 1)} . (6)
For later convenience, we introduce the tracelet evaluation operation [[.]],
([)]: 7" = Lin(C): 7,] 2T+ [[T]] := ((On..1 = In-1)scr, 1), (7)




with 7T :=,~, 7.}, and where (O,,..,  I,....1) denotes the span composition (cf. (3))
(Ot = Inot) = (0o €Y, Yoo (Va}) = L) (8)

A first example of a tracelet of length 3 generated iteratively from tracelets of length
1 is given in Figure 1c, with the relevant computation presented in (the top half of)
Figure 1b. The example illustrates a sequential composition of graph rewriting rules,
with vertex symbols and edge colors used purely to encode the structure of the vari-
ous morphisms and rules, i.e. repeated symbols mark objects identified by the partial
morphisms. Note that since in this example no vertices are deleted without explicitly
deleting the incident edges, too, this example constitutes a valid composition in both
the DPO- and the SqQPO-type frameworks.

Another very important aspect visualized in Figure 1b is the associativity property of
the underlying rule compositions: the top half of the figure represents a composition
of ro with r; (yielding the tracelet of length 2 highlighted in blue), followed by a fur-
ther composition of r3 with the composite of , and r;. By the associativity theorem
for compositional rewriting theories (Theorem 6), there exist suitable overlaps such
that the outcome of the aforementioned operation may be equivalently obtained by
composing rs with r, (yielding the tracelet of length 2 highlighted in yellow), and by
pre-composing the composite with r;. Vertically composing squares in each half of
Figure 1b, one may verify that this associativity property on rule compositions extends
to an associativity property on tracelet compositions, as both halves of the figure yield
the same tracelet of length 3. These observations motivate the following extension of
the definition of .Z.:

Definition 2 (Tracelet composition) For tracelets 7', T € T of lengths m and n, respec-
tively, a span of monomorphisms u = (I},..; <> M < O,,..1) is defined to be an admissible
match of T into 77, denoted . € MTY.,(T), if (i) all requisite pushout complements exist to form
the type DPOT derivations (in the sense of rules without conditions) to construct the diagram
in (9a) below, wherep :=m +n +1,

’
T

o, S I < O “ I acy 0, " I, @q, 01 <X I, < ¢y,
[ N [T [ uolTo I ]
O;n 4 nyzyr;r)z 1 YQ(,ln) —= I me--1 PO On-1 <= YrS,:z) 1 YZ(H) = Iha < Clpn (ga)
A
l T J T cr x / DPOf le()i'j
()ll 1 == Yl’(];’ 1 yu(l)'l./Hrl — Yrgi)ln — Yu.’izfl Y'z(_l;) <~ I/;---l - Clpon

and if (ii) the condition CLimins as in (9b) below does not evaluate to false:

1)1

Climtntny.. * Sh'ft( 1(_>I(m+n+1) 1’C1nm1)

/\ Trans(Y,m ) = 100, Shift(Le = Y00 Y er 1)

n

(9b)




Then for u € MTL,(T), we define the type T tracelet composition of 77 with T along y as

Oin ll I':n < CI{n 01 AN [1 < Cp,
T T = l T\ /ot [ . (10)
Opa ==Y | . V) =1, <c

Next, the precise relationship between T-type rule and tracelet compositions is
clarified.

Theorem 1 Let .<r. denote the T-type rule composition (Definition 14), and let the set of T-
admissible matches be denoted by M7 (r1) (for r2,71 € Lin(C)).

(i) Forall T, T € T, MT7,(T) = Mipy ([[T1)).
(ii) ForallT',T € TT and p € MTY,(T), [[T"*+T]] = [[T"])"r[[T]).

(iii) The T-type tracelet composition is associative, i.e. for any three tracelets Ty, T, T3 € T,
there exists a bijection ¢ : Ss(9:) =N S(32)1 between the sets pairs of T-admissible matches
of tracelets (with T}; := T;*¥+T; and using property (i))

Sa(21) = {(k21, tz21)) 21 € Mg, ([[T1]]) 5 p3(21) € Mg ([[T21]])

(11)
Seay1 = {(us2, fz2)1) 132 € Miry ([[T2]]) 5 pe32)1 € Mg, (1))}
such thatfor all (/11327,U/(32)1) = 90((/@17#3(21)))
T3tse/r (Tyl2Y/ 1 Ty) =2 (TgﬂézTTz) W2/ 1Ty . (12)

Moreover, the bijection ¢ coincides with the corresponding bijection provided in the as-
sociativity theorem for T-type rule compositions (Theorem 6). (Proof: Appendix A.7)

Finally, combining the associativity results for rule and tracelet compositions with
the so-called concurrency theorems for compositional rewriting theories, we find a
characterization of derivation traces via tracelets and vice versa:

Theorem 2 (Tracelet characterization) For all type-T tracelets T € T,! of length n, for all
objects X, of C, and for all monomorphisms (m : I,,..; < X,) such thatm € Mz (Xo), there
exists a type-T direct derivation D = T, (X,) obtained via vertically composing the squares in
each column of the diagram below:

0, <™ I, <y, 0, 2~ 1, <y

[\ /ot OnEq e, O o ac,

Opnt =Y o VY = Loa <, ow l T x / T j (13)
1 T [ l T j X, <= X1 - X; <= Xo

Xy <— Xp1 - X1 <—— Xp

Conversely, every T-direct derivation D of length n along rules R; = (r;,c;,) € Lin(C) starting
at an object X, of C may be cast into the form D = T,,(Xo) for some tracelet T of length n
and a T-admissible match m € M. (Xo) that are uniquely determined from D (up to isomor-
phisms). (Proof: Appendix A.8)




3 Tracelet Analysis

Let us first introduce a convenient shorthand notation for tracelets, which emphasizes
that by definition, every tracelet is a type of commutative diagram of consecutive direct
derivations “glued” at common interface objects (compare Figure 2a):

Definition 3 For a tracelet T € 7T} of length n > 1, let symbols t; for 1 < j < n denote j-th
subtracelets of T, so that T = t,|t,,_1] . .. |t1 IS a concatenation of its subtracelets, with

Oj ik ]j < C[]
tj = l T j y eri)l,n = On 1, (n) : Inl . (14)

(n) (n)
Yio,, &= Y0

Based upon the concurrency theorem for compositional rewriting theories (Theo-
rem 5), one may define an operation that provides the starting point of our tracelet
analysis framework:

Corollary 1 (Tracelet surgery) LetT < 7, aT-typetracelet of lengthn,sothatT =t,|... |t
Then for any consecutive subtraceletst;|t;_, in T, one may uniquely (up to isomorphisms) con-
struct a diagram t(; ;1) and a tracelet T;; ;_1) of length 2 as follows:

92 Cr_y
v \, v
cr, Cr O T [ / il ;o

.V oy v Z <
0; — I Oj1 —— I / T \ / DPO! \
~y W ~
\/ T \l / T \/ O./‘/*l I )/J(] 1 [-7"71 - CI‘\' !
(n) (n) [
J+1] Y]J‘*l Y]*Lj’z l T l i J:

(n) (n) (n)
Vi, =Y}, &——————= Y"1,

(15a)

Ojlj—1 —— Ljj-1 < ¢

Jli—1
tg-y= | T [ o Tli-n = T(rj,er)2rT(rj,cr, ) (15b)

Y(ﬂ g YJ'(iLljf2

Here, u = (I; <+ M — O;_4) Is the span of monomorphisms obtained by taking the pullback of
the cospan (I; — Y(”) . <> O;_1), and this w is always a T-admissible match. By associativity
of the tracelet composition, this extends to consecutive sequences t;| ... |t;_ of subtracelets in
T inducing diagrams t;|..|;—x) and tracelets of length 1 ;). ;_x), Wwhere for k = 0, t(;y = t; and
Ty = T(rj,cr;).

Proof: The proof follows by invoking Theorem 2 in order to convert the derivation
trace encoded in a given the subdiagram ¢;|...|t;_, into the application of a tracelet
T\... ;- of length & onto the initial object v") ., .. O

It is via these tracelet surgery operations that we may lift the theory of static anal-
ysis of derivation traces to our alternative setting of tracelets. We define in the fol-
lowing two notions of equivalence that have analogues also in the traditional theory
of rewriting systems.




Definition 4 (Tracelet abstraction equivalence) Two tracelets T,T' € 7,7 of the same
lengthn > 1 are defined to be abstraction equivalent, denoted T'=4 T', if there exist suitable
isomorphisms on the objects in T in order to transform T into T’ (with transformations on
morphisms induced by object isomorphisms).

Due to the intrinsic invariance of all category-theoretical constructions pertaining
to rewriting rules as well as tracelets up to universal isomorphisms, it is clear that
abstraction equivalence is a very natural?, or even essential type of equivalence.

Definition 5 (Tracelet shift equivalence) Let T,7" € T,! be two tracelets of the same
length n > 1. If there exist subtracelets t;| .. .|t;_, and t| ... |t|_, such that

(i) the subtracelets have the same rule content (up to isomorphisms), i.e. there exists a per-
mutation o € Sy, such that [[T,)]] = [[T{, ) forall j — k < p < j, and

(i) the diagrams ti|...[t¢|. |j-r)|---[ta AN B] .. [t(; ;_p|-- [t are isomorphic,

then T and T' are defined to be shift equivalent, denoted T =5 T'. Extending =g by tran-
sitivity then yields an equivalence relation on 7,! for every n > 1.

Referring to Appendix B.1 for the precise details, one may for example verify that the
tracelet t3]to|t; of length 3 depicted in Fig. 1b is shift equivalent to a tracelet t,|t}|t1,
with the order of the applications of the rules r3 and r, (contained in the yellow box
in Fig. 1b) reversed. Notably, while our definition of tracelet abstraction equivalence
follows precisely the same methodology as its analogous notion in rewriting theory,
our definition of tracelet shift equivalence is strictly more general than the notion of
shift equivalence in rewriting theories according to the standard literature (36, 37, 46].
More precisely, the latter concept is based upon so-called sequential independence for
derivation sequences [14, 26, 37, 39], which would induce a notion of tracelet shift
equivalence strictly less permissive than our requirements described in Definition 5. As
this difference is of crucial importance to the design of static analysis algorithms, we
provide the precise technical relationship in Theorem 7 of Appendix B for clarification.

4 Application: a prototype for a Feature-driven Explanatory Tracelet Anal-
ysis (FETA) algorithm

A major motivation behind the development of the tracelet analysis framework has
been the desire to improve upon (and, to an extent, also formalize) existing static
analysis techniques for rewriting systems in the application areas of bio- and organic

2While we will typically consider tracelets by default only up to abstraction equivalence, the definitions provided
thus far may nevertheless still be interpreted as concrete operations if suitable “standard representatives” are chosen
for pushouts, pullbacks etc. — for instance, an extensive discussion of such an interplay of concrete representatives

vs. universal structures for the special case of graph rewriting systems may be found in [7].




chemical reaction systems (see also Section 1). An application of our framework to the
static generation of so-called pathways appears to be particularly promising:

Definition 6 (Pathways (sketch)) Let R = {R; € Lin(C)};es a (finite) set of rules with
conditions over C, which model the transitions of a rewriting system. We designate a rule
E € Lin(C) as modeling a “target event”, i.e. E must be the last rule applied in the derivation
traces we will study. Let moreover =¢ be an equivalence relation on derivation traces such as
abstraction or shift equivalences, or combinations thereof. Then the task of pathway gener-
ation or explanatory synthesis for the type-T rewriting system based upon the set of rules
R is defined as follows: synthesize the maximally compressed derivation traces ending in an
application of E such that “E cannot occur at an earlier position in a given trace”. Here, com-
pression refers to retaining only the smallest traces in a given = equivalence class, while the
last part of the statement needs to be made precise in a specific application (as it depends on
the chosen framework).

A standard approach to this type of task consists in generating a large number of
random generic derivation traces first, followed by static analysis type operations per-
formed on these traces in order to extract pathways (see e.g. the recent review [23]).
This type of approach typically suffers from two disadvantages: (i) depending on the
complexity of the rule set R and of the target event F, it may be difficult to find suit-
able choices of initial objects X, as an input to the simulation algorithms, and (ii) the
extraction of compressed pathways from typically quite extensive datasets of simu-
lator outputs may be computationally rather intense. We thus propose an alternative
pathway generation approach based upon tracelets, which avoids the first problem by
design (since tracelets are composable with themselves and yield the minimal deriva-
tion traces for entire classes of derivations according to Theorem 2).

Definition 7 (Algorithm 1: FETA) With input data as described in Algorithm 1, let =¢
be the equivalence relation obtained by conjunction of the tracelet abstraction and tracelet
shift equivalences =4 and =g, respectively. Then for a tracelet T € 7,7, of the structure T =
tplty| ... |t (for some finite value n > 0, and with ¢ containing the rule E, [[T(p)]] = E), we let
E <¢ T denote the following property: there exist no tracelets T’ € 7, ,

teltel .. It =c thalt,]. .. [ty with [[T(,)]] = E foranindexk <n+1. (16)
We refer to the set of such tracelets modulo =¢ as the set of strongly compressed pathways.

Since length limitations preclude presenting an application example of realistic
complexity in one of the chemical reactions system frameworks, we will present here
only a first proof of concept for an application of the FETA algorithm, which never-
theless illustrates in which sense the above algorithm synthesizes “explanations”.

Example 1 Let C = FinGraph be the category of finite directed multigraphs. For compactness
of graphical illustrations and to enhance intuitions, we will present linear rules r = (O «

10



Algorithm 1: Feature-driven Explanatory Tracelet Analysis (FETA)

Data: N,,.. > 2 + maximal length of tracelets to be generated

Tg :=T(F) < tracelet of length 1 associated to the rule E

Ti:={T(R;) | j € J} « set of tracelets of length 1 associated to the transitions
Result: sets P; (i = 2,..., Nyaz) of strongly compressed pathways

begin
Py :={Tg} + the only pathway of length 1;

for 2 < n < N4, do
pre, := {PW1T|P P, |, T €Ty, pe MT}(T)};
P, :={T €pre,|E<c T}/ =.;

end

end

K < I) € Lin(FinGraph) in a diagrammatic form, where graphs O and I are depicted to
the left and to the right, respectively, and where dotted lines connecting elements of I with
elements of O indicate the structure of the partial map encoded in the span r. Let thus R = {r}
be a one-element transition set (for a rule r € Lin(FinGraph) without conditions), and let
e1,es € Lin(FinGraph) be two rules modeling alternative target events:

= {,61{},3211. (17)

If we consider DPO-type rewriting, the FETA algorithm produces the following strongly com-
pressed pathways for n > 2 (with light blue arrows indicating the relative overlap structure
within the tracelets):

P, ={S.}, Sp=tplt,...|t, = ’ ! } o (18)

(n — 1) times ’

(n — 1) times

while for the target event e, the algorithm detects no pathways P!, forn > 2. This result may in-
deed be interpreted as expressing a high-level causal structure or explanation about this simple
rewriting system. As for ey, the pathways P,, are seen to effectively encode those possibilities
of sequential rule compositions that ensure that the edge eventually matched by e; had not
already been present in any of the first n — 2 steps of rule applications. This leaves only the
pathways of type S,, as options, since for any other match of the tracelet Ty within a candidate
tracelet T of length n, one finds a violation of the condition E << T. On the other hand, the
fact that there are no pathways of length n > 2 for the target event encoded by e, signifies that
the rule r acting on some initial graph X, can in fact not generate any occurrences of the shape
of the input of e, (two edges with a shared vertex pointing towards each other) that had not

11



already been present in X,. Note that we have obtained this result statically, and without ever
evaluating any concrete direct derivation on initial graphs Xo.

5 Conclusion and Outlook

Many of the standard constructions in the concurrency theory and the theory of static
analysis of rewriting systems over adhesive categories are ultimately based upon one of
the central theorems of rewriting theory, which is known fittingly as the concurrency
theorem [36, 38, 49]. The essential property provided by this theorem is a form of
compatibility between (i) sequential applications of rewriting rules starting at some
initial object X,, and (ii) a one-step application of a composition of the rewriting rules
involved, and with both descriptions in a (constructive) bijective correspondence. As
outlined in Section 1, it is then precisely this correspondence which allows to develop
various abstractions and analysis techniques for derivation traces of a given rewriting
system [7, 8, 11, 12, 14, 35]. However, as has been only very recently discovered [16—
19], both Double-Pushout (DPO) and Sesqui-Pushout (SqPO) rewriting theories over
suitable adhesive categories carry an additional important structure, namely on the
operation of composing rules itself: in a certain sense, rule compositions are associative
(with a concrete example provided in Figure 1).

In this paper, we demonstrate that combining the concurrency with the associativ-
ity theorems, one is naturally led to the concept of tracelets (Section 2), which may be
intuitively understood as a form of minimal derivation traces that generate all deriva-
tions that are based upon the same sequential rule compositions (Theorem 2). Owing
to the associativity theorem for rule compositions, tracelets are on the one hand by
definition instances of derivation traces themselves and thus admit all aforementioned
standard static analysis techniques, but importantly in addition afford certain univer-
sal properties: an associative notion of composition directly on tracelets, certain types
of “surgery” operations, and finally various forms of equivalence relations that may
be employed to develop compressions and other abstractions of tracelets (Section 3).

In view of practical applications, we have proposed a first prototypical tracelet-
based static analysis algorithm, the so-called Feature-driven Explanatory Tracelet Anal-
ysis (FETA) algorithm (Section 4). As illustrated in Example 1, this algorithm permits
to extract high-level causal information on the “pathways” or minimal derivation
traces that can lead to the ultimate application of the rule that models a target event.
We believe that our methodology may provide a significant contribution to the static
analysis toolset in the fields of chemical graph transformation systems [2, 6, 15, 20]
and of rule-based modeling approaches to biochemical reaction systems such as the
Kappa [23, 28, 30, 31] and the BioNetGen [21, 45] frameworks.
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A Background material: compositional rewriting theories

For the readers’ convenience, we collect in this section a number of technical results

and details on rewriting theories, most of which is either standard material from the

rewriting theory, or quoted from our recent series of works [16-18].

Al

Properties of adhesive categories

Theorem 3 ([17]) Let C be a category satisfying Assumption 1. Then the following properties

hold:

(i)

(i)

(iii)

A2

C has effective unions (compare [47]): given a commutative diagram as in the left of
Fig. 3, if the (b, ') is the pullback of the cospan of monomorphisms (b, ¢) (which by sta-
bility of monos under pullback entails that ¥, ¢’ € mono(C)), and if (e, f) is the pushout
of the span (¥, ") (with e, f € mono(C) by stability of monos under pushout), then the
morphism d which exists by the universal property of pushouts is also a monomorphism.

properties of final pullback complements (FPCs)? in C (cf. the middle diagram in
Fig. 3): for every pair of composable monomorphisms (c,a), there exists an FPC (d,b),
and moreover b, d € mono(C).

characterization of epimorphisms via pushouts: given a diagram such as on the right
of Fig. 3, where all morphisms except e are monomorphisms, where the square (1) is a
pushout, e o d; = e; fori = 1,2, and where (b1, by) is the pullback of (ei,es). Then the
morphism e is an epimorphism if and only if the exterior square is a pushout.

Conditions, shift and transport constructions

Definition 8 (Conditions) Let C be a category satisfying Assumption 1. Then a condition

over an object X € obj(C), denoted cx, is inductively defined as follows:

- cx = true is a condition over X.

- Forevery (a: X — A) € mono(C) and for every condition c4 over A € obj(C), 3(a : X —

A,ca) is acondition over X.

- If cx is a condition over X, so is its negation —cy.

. Ifcg? are conditions over X (for indices i € I), then /\ieIcg? is a condition over X.

A concrete interpretation of conditions is provided by the accompanying definition

of satisfaction of conditions.

3Recall e.g. from [26] that for a pair of composable morphisms (¢, a) such as in the middle part of Fig. 3, a pair

of composable morphisms (d, b) is an FPC of (¢, a) if (a,b) is the pullback of (c,d), and if the following universal

property holds: given a cospan (c, z) such that (x,y) is the pullback of (¢, z) and such that there exists a morphism

w satisfying z = a o w, then there exists a unique (up to isomorphism) w* such that z = d o w*.
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(a) Three rules sequentially composed (from right to left): input and output interfaces are drawn explicitly, while the
context graphs K; are implicitly encoded as subgraphs of O; and I; joined by dotted lines (for j = 1,2, 3). The structure

of the matches of the rules is indicated via lines connecting elements of outputs to elements of inputs of rules.
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(b) Explicit demonstration of the associativity property of the rule composition operation: the top half of the diagram
encodes a composition of the shape r3<(r2<r3), while the bottom half encodes (r3<r2)<ri, with both operations for the
overlaps depicted leading to the same minimal trace (up to isomorphisms). The tracelet of length 3 equivalently encoded

by both halves of the diagram is obtained by composition of squares.

WV

o

(c) The minimal trace of length 3 encoded in Fig. 1b.

Figure 1: lllustration of the relationship between associativity and tracelets.
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(d) Tracelet analysis (Section 3).
(c) Tracelet composition (Definition 2).

Figure 2: Schematic overview of the tracelet and tracelet analysis framework.
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Figure 3: from [17]: Effective unions (left), final pullback complements (FPCs) and their universal property
(middle), and the epimorphism-pushout correspondence (right).




Definition 9 (Satisfaction) Let X € obj(C) be an object and cx a condition over X. Then
the satisfaction of cx by a monomorphism (m : X — Y) € mono(C), denoted m F cy, Is
inductively defined as follows:

- Every morphism satisfies cx = true.

- Forevery (a : X — A) € mono(C) and for every condition c4 over A € obj(C), the mor-
phismm : X — Y satisfies 3(a : X — A, ca) if there exists (¢ : A — Y) € mono(C) such
thatm =qgoaand gk c4.

- m satisfies —cx if it does not satisfy cx.
- If ¥ are conditions over X (with i € I), m satisfies Aic;cV if m = ¢ foralli € I.

The notion of satisfaction of conditions permits to reason on equivalences of con-
ditions:

Definition 10 (Equivalence) Let X € obj(C) be an object, and let ¢}’ and ¢\’ be two condi-
tions over X. Then the two conditions are equivalent, denoted ¢\’ = ¢, iff

V(im: X —Y) € mono(C): mE c§§> < mE cg?) . (19)

Besides the evident equivalences that arise from isomorphisms of rules and ob-
jects, some important classes of equivalences are implemented by the following two
constructions quoted from [17], which are essential in our compositional rewriting
framework (cf. Section A.3).

Definition 11 (Shift and Transport) Let C be a category satisfying Assumption 1. Then for
every condition c4 over A € obj(C) and for every (a; : A — By), the shift of the condition cx
over ay, denoted Shift(ay,ca), is defined inductively as follows:

+ Shift(ay, true) := true (over By).
 Ifca = 3(az : A — Bg,cp,) for some (ay : A — Bs) € mono(C), then

Shift(a1 : A — By, 3(0,27C32)) = \/ 3(61 : By — E,Shift(eg : By — E,CBZ)) R (20)
(b1,b2)EX

where the set X is the set of all isomorphism classes* of spans (b, bs) as in the right part
of Figure 3, where (e1, e3) are constructed as the pushout of (b1, bs).

+ Shift(a;, —ca) := —Shift(ar,ca) and Shift(ay, Viescl) := Vie rShift(as, c).

4Note that our improvement over the original variant of this construction as presented in (38, 44] consists
in the precise characterization of the contributions to Shift(3(a2,cp,)) via constructing pushouts of the possible
spans (b1, bs) (rather than via the original indirect characterization in terms of listing the possible epimorphisms
(e : D — E) € epi(C)), a result which relies on Theorem 3(iii), and which is of central importance to proving the

compositionality and associativity of rules with conditions.
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We also define the operations of transporting a condition co over the output object O
of a linear rule r = (O +~ K — I) € Lin(C) to the input object I of r. The construction is
denoted Trans(r, co) and is defined inductively as follows:

+ Trans(r, true) := true (over I).

“Ifco = 3 : O — B,cp) for some b € mono(C), then if b ¢ M27°"(B), we define
Trans(r,3(b : O — B,cp)) := false (as a condition over I). Otherwise, i.e. if b € M27°"(B),
we let (referring to Definition 12 for the definition of DPOY)

Trans(r,3(b: O — B,cp)) 0 ——1
, . Where bl DPO! l”' . (21
=3 : I — B, Trans(B < B',cp)
B «<— B
(i))'

+ Trans(r, ~cp) := —Trans(r, co) and Trans(r, \/iejcg)) := Vier Trans(r,

Theorem 4 (Properties of shift and transport constructions [17]; compare [43]) Let
C be a category satisfying Assumption 1.

(i) Shift and satisfaction: for X € obj(C), cx a condition over X and (m : X — Y) €
mono(C), then for monomorphisms (q : Y — Z) € mono(C) it holds that

q E Shift(m: X = Y,cx) & gomFEcx. (22)

(i) Unit for Shift: for every object X € obj(C) and for every (X = X') € iso(C),
Shift(X = X’,cx) =cx. (23)
(iii) Compositionality of Shift: given composable monomorphisms (f : X — Y),(g: Y —

Z) € mono(C) and a condition cx over X,

Shift(g : Y — Z,Shift(f : X — Y,cx)) = Shift(go f : X — Z,cx) . (24)

(iv) Satisfiability for Trans: forr = (O + K — I) € Lin(C), co a condition over O and
X € obj(C), denoting for an admissible match m € MI(X) (for T € {DPO, SqPO}) the
comatch for m under a T-type rule application by m* (cf. (30)),

Vm e MI(X): mE Trans(r,co) & m* Eco. (25)
We write Trans(r, co) =t co to indicate this equivalence up to T-type admissibility.

(v) Units for Trans: for each span of isomorphisms (Z < Y —» X) € Lin(C) and for each
condition cz over Z,
Trans((Z < Y = X),cx) =cz. (26)

(vi) Compositionality of Trans: for composable spans s = (E «+ D — C),r = (C + B —
A) € Lin(C) and cg a condition over E,

Trans(s, Trans(r,cg) = Trans(sor,cg) . (27)
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(vii) Compatibility of Shift with Trans: forr = (O + K — I) € Lin(C), (m : I — X) €
mono(C), co a condition over O and T € {DPO, SqPO},

m € MT(X) = Shift(m, Trans(r,co)) =1 Trans((rm, (X) <= X), Shift(m*,co)).  (28)

A.3 Compositional Double- and Sesqui-Pushout rewriting

We present here our recently introduced refinement of the DPO-type such framework,
as well as the first of its kind such framework for compositional SqQPO-type rewriting
theories [17]. For the DPO-type case, our developments generalized earlier work by
Habel and Pennemann [44, 48] and by Ehrig and collaborators [38, 42], while the
SqPO-constructions were new.

The core definitions of rewriting are the following two sets of definitions, which
provide the semantics of rule applications to objects and compositions of linear rules:

Definition 12 (Rules and rule applications) Let C be a category satisfying Assumption 1.
Denote by Lin(C) the set of isomorphism classes of spans of monomorphisms,

Lin(C) := {0 CERLT

0,1 € mono(C)} ~, (29)

referred to henceforth as the set of linear rules (on C). Here, two rules r; = (0O; + K; —
I;) € Lin(C) (for j = 1,2) are representatives of the same isomorphism class if there exist
isomorphisms w : Oy — Oq, k : K1 — Kyand . : Iy — I, that make the evident diagram
commute®. Letr = (O < K — I) € Lin(C) be a linear rule, X € obj(C) an object, and (m : I —
X) € mono(C) be a monomorphism. A rule application of the rule r to the object X along an
admissible match m is defined via the following type of commutative diagram (referred to as
a direct derivation in the literature):

O+—"—1 O+«2 K "7
i T J = e (B) v (A) lm. (30)
(X)) <&—— X Y « K -——--- y X

Here, the precise construction depends on the type T of rewriting:

(i) T = DPO (Double-Pushout (DPO) rewriting): given (m : I — X) € mono(C), m is
defined to be an admissible match if the square marked (A) in (30) is constructible as
a pushout complement (POC); in this case, the square marked (B) is constructed as a
pushout (PO).

(ii) T = DPO' (“opposite” of Double-Pushout rewriting): for this auxiliary rewriting
semantics, given (m* : O — Y) € mono(C), m* is defined to be an admissible match if

5We will henceforth speak about isomorphism classes of rules and objects and their concrete representatives
interchangeably, since all constructions presented afford a clear notion of invariance under isomorphisms. This
feature of the constructions also motivates the notion of abstraction equivalence standard in the rewriting theory

(cf. Section 3).
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the square marked (B) in (30) is constructible as a pushout complement (POC); in this
case, the square marked (A) is constructed as a pushout (PO). Coincidentally, a DPOT-
admissible match m* uniquely induces a DPO-admissible match m for r applied to X,
which is why m* is sometimes referred to as the comatch of m.

(iii) T = SqPO (Sesqui-Pushout (SqPO) rewriting): given (m : I — X) € mono(C), the
square (A) is constructed as a final pullback complement (FPC), followed by construct-
ing (B) as a pushout.

We denote the set of T-admissible matches by MT(X). We will moreover adopt the tra-
ditional “direct derivation” notation r,,(X) <= X for T = DPO or T = SqPO as a compact
notation for the process of applying rule r to X along admissible match m.

Crucially, linear rules in both types of rewriting semantics admit a composition op-
eration:

Definition 13 (Rule composition) Let C be a category satisfying Assumption 1. Let ry,ry €
Lin(C) be two linear rules. We define the set of T-type admissible matches of r, into r; for

T € {DPO, SqPO}, denoted M7, (r1), as
ML (Tl) = {/Lgl = (IQ “— M21 — 02)|TL17TL2 in PO(/J,Ql) = (I2 n_2> N21 & 01) (31)
SatiSﬂ/ Nng € MIQ (Ngl) A ny € Mflp(ﬁ (NQl)} .

For a T-type admissible match pay = (Iz < Ma1 — O3) € M], (r1), construct the diagram

OQ’LIQ

Mo, 0O
l T N PO / DPOTl : (32)
Noy

O21 Iy

T1
— L

From this diagram, one may compute (via pullback composition o of the two composable spans
in the bottom row) a span of monomorphisms (O, < I;) € Lin(C), which we define to be the
T-type composition of r, with r; along us; (for T € {DPO, SqPO} as in (32)):

T2“214T7‘1 = (021 = IQ'[) = (021 = Nzl) o (N21 = ]21). (33)

We refer the interested readers to [16, 18] for the precise derivations of these notions
of rule compositions, and note here that the definitions are justifiable a posteriori via
the concurrency theorems as presented in Section A.5.

The compositional rewriting framework may be extended to the setting of rules
with conditions as follows®:

Definition 14 (Rewriting with conditions [17]) Let C be a category satisfying Assump-
tion 1. We denote by Lin(C) the set of linear rules with conditions, defined as

Lin(C) :={R=(r,c;) | r= (0« K — I) € Lin(C)}. (34)

6Referring to [17] for the precise details, based upon the transport construction we may from hereon without loss

of generality consider rewriting rules with conditions over the input objects only.
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We extend the definitions of rule applications (Definition 12) and rule compositions (Defini-
tion 13) to the setting of rules with conditions as follows: for R = (r,c;) € Lin(C) and X €
obj(C), define the sets of T-type admissible matches of R into X (for T € {DPO, SqPO}),
denoted M},(X), as

ML(X) = {m € M(X) | m E ¢/} (35)

Then the T-type rule application of R along m € M%,(X) to X is defined as r,,,(X) < X.
As for the rule compositions, we define for two rules with application conditions R; = (rj,c;,) €
Lin(C) (j = 1,2) the sets of T-admissible matches of R, into R; as

Mk, (B1) := {p21 € M7, (r1) | cp,, # false}, (36)

where the condition cr,, for a given rule composite is defined as (compare (32) for the defining
construction of the various morphisms)

Cry, ‘= Shift([l — ]217C11) /\Trans(Ngl — ?1 — I, Shift([2 — N217C12)) . (37)
Then we define for admissible matches o, the compositions as

Vugl € M}—%Q (Rl) : R4 Ry = (7’2#21<1TT‘1,C[21). (38)

A.4  Auxiliary properties of direct derivations
Lemma 1 Let C be a category satisfying Assumption 1, and let T € {DPO, SqPO, DPO'}.

(i) For every rule R = (r,c;) € Lin(C), the diagram below is a T-type direct derivation for
arbitrary T € {DPO, DPO', SqPO}:

O«% K " <dcq O+~ T<c
| o | @ | =1 - (29)
O+— K — 1T <w1cs O<«—— 1 <=

(ii) Vertical pasting: for T € {DPO, DPO', SqPO}, and suppose that in the diagrams below
the monomorphism (X' <= X) o (X < I) satisfies the condition c; (not explicitly drawn
for clarity). Then the following properties hold true: composing squares of the underlying
commutative diagrams vertically (indicated by the ~ notation), one obtains (a) for all
combinations of types of rewriting with T = T', or (b) for T arbitrary and T = DPO or
T = DPOT, the following T-type direct derivations:

o r

l O +— 1

Y

- lTl (40)

Y — X'

P e~

tel-f
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Proof: The first statement follows since the squares marked (1) and (2) are pushouts
for arbitrary morphisms o and i. The second property follows by invoking various
elementary square composition lemmata for pushouts and FPCs (see e.g. the list of
technical Lemmas provided in the appendix of [16]). O

A5 Compositional concurrency

A central role in our rewriting frameworks is played by the notion of certain concur-
rency theorems, which entail an equivalence between (i) sequential applications of
rewriting rules along admissible matches and (ii) application of composites of rewrit-
ing rules along admissible matches. This structure is in turn intimately related to
notions of traces and analyses thereof in rewriting theory. In the form as presented
below (which is compatible with the notion of compositionality of rewriting rules),
both the DPO- and the SqPO-type concurrency theorems were first introduced in [17]
(with some earlier results in the DPO-setting under weaker assumptions reported
in (38, 44]).

Theorem 5 (Concurrency theorems [16-18]) Let C be a category satisfying Assumption 1,
and let T € {DPO, SqPO}. Then there exists a bijection ¢ : A =s B on pairs of T-admissible
matches between the sets A and B,

A = {(m2,m1) [ m1 € Mg, (Xo),;m2 € MR, (X1)}

= B ={(p21,m21) | p21 € M, (R1), ma1 € My, (Xo)},

(41)

where X, = R,,, (Xo) and Ry, = Ry"*'<r Ry such that for each corresponding pair (ma, m;) € A
and (us21,ma1) € B, it holds that

Ror,,, (X0) 2 Ra,_(Ri,. (Xo)). (42)

o (

Proof: See [17] for the full technical details. Let us note here that the bijective cor-
respondence is constructive, i.e. there exist explicit algorithms for realizing B from A
and vice versa. O

The following technical result is a necessary prerequisite for deriving the proof of
Theorem 2:

Corollary 2 Letr,..; = (Oy.... < I,..1) beaspan of monomorphisms, andlet (Y]] . < Y™ )

be n spans of monomorphisms (for 0 < j < n) with Y,Eﬂn =0p.1, Y(’g) = I,..1, and such that

(Onect = Int) = (O = Yoo (V3 = L) -

n,n—1

Let c;, ., be a condition over I,,...;. Then for each object X, and for each T-admissible match
(In.1 <= Xo) € ML, (Xo) (for Ry,..1 = (rn..1,¢1,...,) and for T € {DPO, SqPO}), the T-type
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application of R,,...; to X, along this match

On~~~1 XX Inl B Cl,. 1

| T | (43a)

X” <: XO

uniquely (up to isomorphisms) encodes an n-step T-type derivation sequence of the following
form, and vice versa:

Onml B Yé;?_l e YQ(q) XX Inl B Cl,.1
Lo [ ()
X,”' i X"I,*l LI Xl i XO

Proof: The statement is trivially true forn = 1. Forn = 2, note first that for any two composable
spans of monomorphisms S, = (Z < Y)and S; = (Y « X), invoking the definition of rule
compositions (Definition 13) allows to verify that considering S, and S, as linear rules without
conditions, and letting u = (Y <= Y < Y) be a span of identity morphisms on Y, the span
composition S, o Sy is in fact computable as a rule composition:

Z Y Y Y X
H T \PO/ DPO! H v Sy 051 = SpfarSy. (44)
Z Y X

Here, according to Lemma 1(i) the T- and DPO'-type direct derivation subdiagrams as in-
dicated always exist. Consequently, the claim of the corollary for n = 2 follows by invoking
the concurrency theorem (Theorem 5) for the special case of r..; = (Og...1 <= I5...1), (Os..; <=
1) = (O2.q = Y37) 0 (Ya3 < Ir..1) and for psy a span of identity morphisms of Y,7. The
proof for the case n > 2 may then be obtained via induction over n. O

A.6  Compositional associativity

The second main ingredient of our novel compositional rewriting frameworks is the
notion of associativity. Intuitively, if one wishes to extend the analysis of traces as
suggested via the concurrency theorems to a full-fledged analysis that is centered on
compositions of rewriting rules (which constitutes the main contribution of this paper
in the form of the tracelet framework), one must necessarily have a certain property
fulfilled, in that multiple sequential compositions of rewriting rules may be computed
in any admissible order of pairwise compositions. The latter feature is crucial for
the purposes of analysis of classes of traces, since the traditional interpretation of the
concurrency theorem would only permit to reason on pairwise sequential compositions
(but not on extension thereof to higher order composites).
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Theorem 6 (Associativity of rule compositions [16-18]) Let C be a category satisfying
Assumption 1. let Ry, Ry, R3 € Lin(C) be linear rules with conditions, and let T € {DPO, SqPO}.
Then there exists a bijection ¢ : A =» B of sets of pairs of T-admissible matches A and B,
defined as

A= {(p21, t3(21)) | po1 € Mg, (R1), p3(21) € MR, (Ra1)} (R21 = Ro"?<1Ry)
B = {(p32, 32)1) | 32 € My, (R2), 321 € My, (R1)} (R32 = R3"32a1Ry)

(45)

such that for each corresponding pair (ua1, pa(e1)) € A and o(por, (1)) = (a2, 1{z0),) € B,
R3#3Ogr (R2H21<1TR1) = (Rg“ngQTRQ) ME32)1<1TR1 . (46)

In this particular sense, the composition operations .<r. are associative.

A.7 Proof of Theorem 1

Ad part (i): Note first that by virtue of Corollary 2, the composition of two T-type
tracelets 7,7 € T of lengths m and n, respectively, along a T-admissible match x =
(I', ;< M < O,..1) € MT,(T) encodes a T-type composition of linear rules R/, , =

m---1

(¥vscry, ) and Ryor = (ryeser, ) (With o,y = (0, , < I

me--1

) and Tyl = (Onl =
I,..1)) of the following form:

Cr

me-1 M C]n___1
. V o/ ~ . v
" - L.q Op.q = I
PO (47)
/ T \ / DPOT \/
Op...1 v I, <c,

Consequently, the constructibility of this diagram indeed hinges on whether or not u
is a T-type admissible match of +/,., into r,...;, thus proving the statement of part (i).
Ad part (ii): The latter argument has the additional consequence that for all tracelets
7,7 ¢ T" and p € MTL,(T), equation (47) demonstrates explicitly that [[T"%+T]] =
[[T"]]*<r[[T]], thus proving part (ii) of the theorem statement.

Ad part (iii): The proof of part (iii) of Theorem 1 follows by combining the statements
of the first two parts with the associativity theorem for T-type rule compositions (The-
orem 6).

A.8 Proof of Theorem 2

The first part of the claim follows by applying a corollary of the concurrency theorem
for rules with conditions (Corollary 2 of Appendix A.5) in order to construct the lower
row in the left diagram of (13), followed by vertically composing squares (Lemma 1 of
Appendix A.4) in each column of the diagram in order to obtain the derivation trace
shown on the right of (13). The second part of the statement follows by an inductive
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application of the concurrency theorem: the case n = 1 coincides with the definition of
a direct derivation, while for n = 2 Theorem 5 precisely describes the transition from
a length 2 derivation trace to a length 1 derivation trace along the composite rule. The
induction step n — n + 1 is then verified by applying the concurrency theorem to the
derivation trace X,,.; < X,, « X, along the rules r,4; and (0,1 < I,,_1).

B Compositional sequential independence

A key role in the analysis of rewriting theories is played by the notion of sequential
independence, which we first recall in its traditional form as known from the rewriting
literature:

Definition 15 (cf. e.g. [38], Def. 4.3 (DPO) and [14], Def. 2.15 (SqPO)) Consider a
two-step sequence of rule applications of type T to an initial object X, € C along admissi-
ble matches,

02 K2 Ig ~._ M2 om 01 K1 Il

X N el s

R T . T L I P
k- my o= /

Xo o Ky X, = K] —— Xo

where the squares marked t for T = DPO are pushout complements and for T = SqPO FPCs.
The two rule applications are called sequentially independent if there exist monomorphisms
(n1: 01 = K}),(na : I — K1) € mono(C) such that

dyony =m] A djony=mz. (49)

Based upon the concurrency theorems for the DPO- and SqPO-type compositional
rewriting theories, one may develop the following refined variant of the above defini-
tion, as was anticipated e.g. in [22] for the DPO-type setting:

Lemma 2 (Compositional sequential independence) In the setting of Def. 15, the rule
applications are sequentially independent if and only if there exist monomorphisms (O —
K3), (I — K1) € mono(C) such that

(N21 — Fz) o (Fz — 01) = (N21 — 01) A (Ngl — Kl) o (Fl — IQ) = (N21 — IQ), (50)

with notations as in the explicit version of diagram (32) (see the proof). For the case of rules
with conditions, it is in addition required that c;,, =cy,,.

Proof: For the “=" direction, suppose the T-type rule applications are sequentially in-
dependent. Invoking the T-type concurrency theorem, we may construct the following
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diagram:

IQ (\\\ M21 //,) 01
PO /l t \ / POC l\ PO l
RN K RN
m} ()21 Noq Ny Iy | (51)
PO \/l \an J' my PO n;\\\)‘ l\/ t l
/
Xz & da X1 4 K — = Xo

Here, all arrows are monomorphisms, the squares marked t are pushout complements
in the DPO- and FPCs in the SqQPO-type rewriting case, while M, = PB(I; — X; + O1),
and Na; = PO(Iy+ My —O;). Since pushouts along monomorphisms are pullbacks in
an adhesive category, existence of the morphisms (I,— N;) and (I,—K7) (the latter by
assumption) entails the existence of a morphisms (I, — K») such that

By the decomposition property of monomorphisms in an adhesive category, (I — K2)
is a monomorphism, too. Analogously, since POCs and FPCs along monomorphisms
are also pullbacks, we may infer the existence of a monomorphism (0; — K») such
that

(K + K)o (Ka < 01) = (K4+0y).

The statement of the “«” direction follows by composition of the relevant monomor-
phisms (to obtain the monomorphisms (I, — K») and (O; — K»)) and by composing PO
and FPC squares (first row with the second row) to obtain the claim. Finally, the re-
quirement on the conditions as stated arises from the definition of rule compositions,
and is necessary so that the composites of the rules in the two sequential orders can
give rise to an T-admissible match (in the sense of rules with conditions) I»; < X,. O
The latter result clarifies the precise relationship between compositions and sequential
applications of rules on the one hand and the notion of sequential commutativity on
the other hand: two rules in a sequential rule application are independent if and only if
their underlying concurrent rule composition satisfies a certain property as described
above. In other words, we obtain a sharper notion of sequential independence in the
latter, compositional form, since this notion characterizes sequential commutativity
for an entire class of sequential rule applications (i.e. for all T-type sequential ap-
plications that are equivalent to applications of the T-composite rule r,#21<rr;). This
permits us to provide a refinement of the notion of switching couples (cf. e.g. [14]) to
the level of rule compositions for rules with conditions, which is the first result of this
kind for both DPO- and SqPO-rewriting;:

Theorem 7 (Compositional concurrent commutativity) Let C be a category satisfying
Assumption 1, let R; = (rj,¢;,) € Lin(C) be two rules with conditions, and let pg, = (I +
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My, — Oq) be a T-admissible match of R, into Ry (with T € {DPO, SqPO}). Then if there
exist monomorphisms (O; — Ks), (I — K1) € mono(C) (with notations as in 2), with

(Ngl < Fz) o (Fg < 01) = (Ngl — Ol) A\ (Ngl < Fl) o (Fl < IQ) = (N21 — IQ), (52)
the following statements hold:

(i) The pullbacks

M21 — Mél M21 — Méll
l PB | l PB | (53)
01 — Kl 12 — K2

satisfy Mb, = Moy and MY, = Ma,, thus furnishing monomorphisms (a; : May — K;) and
(Clg : M21 — K2)

(i) The span pio = (I <2225 My, 2222 0,) is a DPO- (and thus SqPO-) admissible match
of r1 into ry.

(iii) r, and ro are sequentially independent w.r.t. 15 in both types of rewriting, and with
(rof*<aggpori) = (ra**<appori) = (r"*ppors) = (1 %gqgpora) - (54)

(iv) R, and R, are sequentially independent only if in addition cr,, = cy,,.

Proof: Let K, denote the pullback of Ky < Ny +> K;, and let the square marked
t in (55) below be a pushout complement (POC) for T = DPO, and a final pullback
complement (FPC) for T = SqPO, respectively.

Ad (i) and (ii): By assumption, there exist monomorphisms O; — K, and I, — K;.
This entails by virtue of the universal property of pullbacks the following structures
(compare (55)):

- Commutativity of the diagram and existence of the monomorphisms K; + K;
and (K, < O;) o (O; + K;) entail by the universal property of the pullback
O(Ks1, K1, Nop, K») the existence of a morphism Ky, «+ K;. Since (K, < K;) =
(Ka1 <+ Ka1) o (Ko1 + K;), with « indicating monomorphisms, by stability of
monomorphisms under decompositions we conclude that (K,; <+ K;) isa monomor-
phism. In an analogous fashion, the existence of monomorphisms K> <+ K, and
My, — K; (for i = 1,2). This proves part (i).

- Invoking pushout-pullback decomposition (cf. e.g. [16]) repeatedly (noting that POCs
and FPCs along monomorphisms are also pullbacks), we may conclude that the
squares marked ¢t and PB in (55) are pushouts, as are all squares formed involving
the monomorphisms previously discussed to exist (i.e. the morphisms marked in
light blue in (55)).
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PO / POC PO / [ / [ | |- Ny | &’y —| > In I
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h l e \ e -
~ v J \ NN NN -
t\ PB ~ ~ K Ky +—— Kn——X, K ( )
\ T
K> Ky +—— Koy —— R, —
Ky )~ I S~ et PO
1 T PO .
PO } [ Oy ~+—— T, —— N 02
o < g
0, o T ——N ~_t ~
Oy ——— 0, ~ - PO ‘ PO PO P(
My« Oy K1« My

From hereon, we may follow the classical strategy for proving sequential commuta-
tivity in the DPO-type setting (cf. e.g. [36], proof of Thm. 5.12): first, we form the
pushouts K, = PO(Ks; <> K; < I1), K, := PO(O3 +> K3 — Kz) and Ny, := PO(K, «
K — K5), which by universal properties of pushouts and stability of monomor-
phisms under decompositions leads to the existence of monomorphisms Ky < I
and K, < O,;. Since moreover by virtue of pushout-pushout decomposition the newly
formed squares involving the two aforementioned monomorphisms are found to be
pushouts, we finally obtain a DPO-type composition of r; with r, along the span pus;
by assembling pushout squares as depicted in the last step of (55). This identifies the
span s := (I; +> M — Os) as a DPO- (and thus SqPO-) admissible match of r; into
ro, Which proves part (ii).

Ad (iii): Since we have found in the proof of part (i) that the square marked ¢
in (55) is a pushout whenever the monomorphisms O; — K, and I, — K; exist, note
first that sequential compositions of rules r, and r; along a T-admissible match po;
that are sequentially independent are in fact always DPO-type compositions (which
for T = SqPO is indeed a possible special case, since a pushout complement is also an
FPC). Together with the construction of the DPO-type composition of r; and r, along
the uniquely induced span yu1» as presented in the proof of part (ii), which in particular
entails the existence of monomorphisms O, < K; and I, < K, this provides the proof
of part (iii).

Ad (iv): The final claim follows by verifying the well-known fact that there is
no guarantee for the conditions c;,, and c;,, of the two composites to coincide, thus
concluding the proof. O
Note that the above statements have the peculiar consequence that two sequentially
independent rules r, and r; give rise to a so-called amalgamated rule [22], in the sense
that

051 = PO(O9 <= My — Oq)
Ko = PO(Ky = My — Ky) (56)
Io; = PO(Iy <= Moy — Ih).

Since the theory of amalgamation has been extensively developed in the graph rewrit-
ing literature [22, 38, 41, 43], it might well be the case that the above result may be
beneficial in the concrete implementations of tracelet analysis algorithms.
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B.1 A worked example of tracelet shift equivalence

In order to provide some intuitions for the notion of tracelet shift equivalence, we
present in Figure 4 a concrete example of two tracelets of length 3 that are shift equiva-
lent. The bottom half of the diagram coincides with the bottom half of Figure 1b, while
the top half of Figure 4 encodes a tracelet where the order of applications of the sec-
ond and third rules has in effect been reversed. Note in particular that while the rules
involved are understood as rewriting rules for finite directed (unlabeled) multigraphs,
we have employed vertex symbols and edge colors in order to encode the structure
of the various monomorphisms and partial maps (i.e. repeated symbols encode el-
ements related by partial maps). We have moreover chosen representatives for the
two tracelets such that the isomorphisms that relate the tracelets are concretely im-
plemented by isomorphisms of the underlying rewriting rules. An essential feature
of our definition of shift equivalence (Definition 5) is the following technical detail:
for tracelets T'=t,|...|t; and T" = ¢/ | .. .|t} that are shift equivalent based upon sub-
tracelets ¢;]...[t;— and #}|...[t}_,, part of the definition entails that we demand the
il 1t
However, we do not demand an isomorphism between the original tracelets T and 77,

existence of an isomorphism between t,|...[t. |j—il...[t: and & ]...[t[;

which would only exist in the special case where the subtracelets encode sequentially
independent derivations in the traditional sense. This feature is illustrated explicitly
in Figure 4, where the minimal derivation traces encoded by the two tracelets of length
3 are in fact not in isomorphism (due to the non-existence of an isomorphism of the
“X-shaped” respective third objects in the minimal traces that would be compatible
with the morphism structure of the traces), but only the minimal derivation traces of
the tracelets of length 2 given by ¢z |t: and ¢y, ¢}, respectively. Here, the tracelet
(4 of length 2 that leads to t{,,, is depicted in the light blue box, while T(3)5) leading
to t(32) is depicted in the light yellow box. It is this particular feature that deserves to
refer to the process of abstracting tracelets by means of tracelet shift equivalence as a

form of strong compression in the sense of [35].
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Figure 4: lllustration of a concrete example of tracelet shift equivalence, based upon the tracelet of length 3
as presented in Figure 1. The bottom half of the diagram is identical to the bottom half of Figure 1b, while
the top half illustrates a shift-equivalent tracelet of length 3 in which the order of the second and third rule

applications has been swapped.
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